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If the edge sets of some r-uniform hypergraphs Xi, . . . . x contain all the r-tuples 
of an n-element set, and each & has chromatic number at most k, then for the sum 
of the orders of the & we have C 1 V(q)1 2 (n log (n/(r - l)))/log k. In particular, 
if Kn has an edge coloring such that each vertex is incident to edges of at most s 
colors and every monochromatic class of edges forms a k-vertex-colorable hyper- 
graph, then n < (r - 1) k”. Both bounds are sharp. 0 1991 Academic Press, Inc. 
1. INTRODUCTION 
A typical question in graph theory is the following: Given a graph G, 
find a minimum number of subgraphs Gr, . . . . G,, all of them belonging to 
a specified class of graphs, that cover all edges of G. A more complicated 
-but equally reasonable and interesting-variant of this problem occurs 
when weights are assigned to the subgraphs of G (larger subgraphs have 
larger weights). The first result of this type was found by Katona and 
Szemeredi [4] who proved that if the complete graph on n vertices is 
covered with some bipartite subgraphs Gi, then C 1 V(G,)( 2 n log, n. 
(Throughout, the vertex set of a graph G is denoted by V(G).) A 
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generalization for coverings by k-chromatic subgraphs was discovered by 
the second author [7]. Further results on weighted coverings can be found 
in 12, 3, 6). 
The aim of our note is to show how the theorem of Katona and 
Szemeredi can be extended for hypergraphs (set systems). An r-unzform 
hypergruph Z? has a finite vertex set V(Z) and edge set E(Z) consisting 
of some r-element subsets of V(X). A set YE V(X) is independent if no 
edge of # is a subset of Y. The chromatic number x(X) of X is the mini- 
mum number of independent sets that cover V(X). We denote by KH the 
complete r-uniform hypergraph on n vertices, i.e., the hypergraph whose 
edge set consists of all the r-tuples of an n-element underlying set. 
In the case when the weight of a subhypergraph is equal to the number 
of its vertices, we have the following lower bound. 
THEOREM 1. If the hypergraphs X1, . . . . q cover all edges of Ki, and 
X(&)<kfor 1 <i\<t, then ) V(q)/ + ... + I VW3 2 (n 1% hw l)))/log k* 
This result can be generalized for weight functions that grow at least as 
rapidly as the one given above, for instance when the weight of a p-vertex 
subgraph is pc, c b 1. 
THEOREM 2. Let f(x) be a convex real function such that f (x)/x is 
increasing for x > 0. Suppose that the hypergraphs $, . . . . J?$ cover the edge 
set of KL, and each z has chromatic number at most k. Then 
Theorems 1 and 2 both are sharp for infinitely many values of n (for 
every fixed r, k, and f ), as we shall show later. 
Local Colorings of K; 
A local s-coloring of a hypergraph X is an assignment of the edges of % 
to colors in such a way that each vertex is incident to edges of at most s 
colors. (This type of colorings is called l-local in [S-J.) We have to 
emphasize that such a local constraint does not impose directly any restric- 
tion on the total number of colors used in the coloring. The next result, 
generalizing a theorem of [7], shows however that in very dense structures 
the number of colors is in fact bounded by a function of some simple 
parameters. 
THEOREM 3. Suppose that KL has a local s-coloring in which every 
monochromatic class of edges forms a hypergraph of chromatic number at 
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most k. Then n < (r - 1) k”. Moreover, this upper bound is best possible for 
all r, k, and s. 
Sharpness 
For n = (r - 1) k”, we can cover the edge set of Ki with s k-chromatic 
hypergraphs in the following way. If s = 1, then KL,,- 1) itself is 
k-chromatic, since its vertex set can be partitioned into k (r - 1 )-element 
sets. Hence, one color is enough. Applying induction on s, for s > 2 we split 
the (r - 1) k” vertices into k equal parts Xi, . . . . Xk. The edges not contained 
in any Xi will be assigned to color k. The other edges form k vertex-disjoint 
complete r-uniform hypergraphs on (r - 1) k”- ’ vertices, so that they have 
a coloring with s - 1 colors that satisfy the requirements, by the induction 
hypothesis. 
This coloring pattern provides a universal example for the sharpness of 
Theorems 1, 2, and 3. Precisely s = (log (n/( r - 1 )))/log k colors are used, 
so that we have a local s-coloring. Moreover, for 1 6 i 6 s, the edges of 
color i form a k-chromatic hypergraph of n vertices. Those s hypergraphs 
cover all edges of Ki, therefore the weighted sum is equal to sf (n), 
independently of the weight function J: 
A General Inequality 
As a main tool for proving the above theorems, structures consisting 
of k-tuples of finite sets will be investigated. Let 9’ = ((A, 1, . . . . Ai,k) : 
1 < i < n} be such a collection satisfying the following assumption: 
(i) Ai,unAi,v=~ for 1 <i<n, 1 <u<v<k. 
Moreover, consider a further property for 1~ i <j < n. 
P(i, j): There exist distinct u and v (1 < u, v <k) such that Ai,u n 
Aj,o # 0. 
We define a graph G(9) on n vertices in the following way. The vertices of 
G(Y) represent the n k-tuples of 9, and the ith and jth vertices are adja- 
cent if and only if the corresponding pair of k-tuples does not satisfy P(i, j). 
We also need to define the fractional chromatic number of graphs. Let 
G be a graph, and denote by 9 the family of independent vertex sets of G. 
(In fact, it is enough to take those independent sets which are maximal 
under inclusion.) A fractional coloring is a nonnegative-valued real function 
g: Y -+ R such that for every vertex x, C,,,,Yg(Z)> 1. Putting 
g(Y) = CIE9 g(Z), the fractional chromatic number x*(G) of G is the mini- 
mum value of g(9), taken over all fractional colorings g. Trivially, 
x*(G) < x(G) for every G. 
Generalizing a result of [7], we shall prove the following. 
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THEOREM 4. Let pl, . . . . pk be arbitrary POSitiVe reals with p1 + . . . + pk 
= 1, and suppose that the structure 9 = { (Ai,l, . . . . Ai,k) : 1 < i 6 n) satisfies 
(i). Then 
k 
k-I P;~IJ < x*(G(Y)). (*) 
j=l j=l 
2. PROOFS 
First we prove 
other arguments. 
the last theorem, because it provides the basis for all the 
Proof of Theorem 4. If 9 satisfies (i) and P( i, j) for all i and j, then 
G(9) has no edges, therefore x*( G(9)) = x( G(Y)) = 1. For this particular 
case, ( * ) was proved in [7]. In order to make this paper self-contained, we 
repeat the argument here. Let X be the underlying set of 9. Choose a par- 
tition X1 u . .. u xk = X randomly in such a way that each element, inde- 
pendently of the others, is contained in X’ with probability pj (1 <j< k). 
Denoting by Ei the event that Ai,j s Xj for all j 6 k, it is immediately seen 
that Ei has probability qi = n,“= 1 pj IAb/I On the other hand, since i and all . 
of the properties P(i, j) hold, the events Ei exclude each other, implying 
C qjd l* 
Suppose now that g is a fractional coloring of G(9) with g(Y) = 
x*(G(Y’)), where 9 satisfies (i), but P(i, j) does not hold for all i and j. 
Even in this case, the previous argument yields zig, qi < 1 for all IE 9. 
Thus, 
and the statement follows. [ 
Proof of Theorem 1. Denote by Vi the set of (non-isolated) vertices in 
&, and suppose that I/,, u . em u Vi,k = Vi is a partition of Vi into inde- 
pendent sets of &. If vl, . . . . v, are the vertices of Kk, for 1 6 i < n and 
1 <j < k we set Ai,j = {m : vi E vm,j}. In this way we obtain a structure 
9 = ( (A, 1, ---, Ai,k) : 1 < i < n} on the underlying set ( 1, . . . . t >. 
Since every vertex vi belongs to at most one class of any Xm, (i) trivially 
holds in 9’. We claim that each vertex of G(9) has degree at most r - 2, 
and consequently the chromatic number of G(Y) cannot exceed r - 1. 
Suppose to the contrary that v1 is adjacent to v2, . . . . v, in G(9). (We may 
assume without loss of generality that KL and G(Y) have the same vertex 
set.) Since we have a covering of KL, the r-tuple { ul, . . . . v,} is an edge in 
some Xm. Then u1 E V,.. for some u, but this V,.. does not cover the whole 
edge, so that there is another V/,,, containing some vj, 2 <j < r. Thus, 
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m E A l,U n A,, which means that U, and Vj should not be adjacent in G(9), 
contradicting our assumption. 
Hence, we conclude that x*( G( 9)) 6 r - 1, and apply ( * ) with 
p1 = . -. =pk = l/k. We obtain 
n 
Ck 
-(lA,Il+ ... + I4,kl) < y _ 1. 
i= 1 
Put w  = Cj,j 1 A,jI . Since the function k-” is convex, the worst estimate is 
obtained when all terms are equal, so that 
implying 
nk -“l”<r- 1, 
w+log--&j/hogk. 
One can observe that the contribution of any Xm to C 1 A,j 1 is equal to 
1 Vm 1. Thus, w  = 1 V, 1 + a . . + I V, I, and the theorem follows. fl 
Proof of Theorem 2. Put Yli = ( V(z)] and w  = C rti. Since f is convex, 
Cfh) 2 tfW0 M oreover, f(x)/x is increasing; i.e., xf( w/x) is decreasing 
for every fixed w. We have ni < n for all i, so that w/t < n and tf(w/t) > 
f(n) w/n 2 (f(n) log (n/(r - l)))/log k, by Theorem 1. 1 
Proof of Theorem 3. Every coloring of Ki defines a covering in which 
the edge set of & is the set of edges of color i. If we start with a local 
s-coloring, then C 1 V(K)1 < ns must hold. On the other hand, if every 
x is k-chromatic, then this sum is at least (n log (n/(r - l)))/log k by 
Theorem 1. Thus, s 2 (log (n/( r - 1 )))/log k, and rearrangement yields 
n<(r-1)k”. 1 
3. CONCLUDING REMARKS 
(1) Let us start this last section with an open problem. For 
2 d j < r - 1, a j-local s-coloring of an r-uniform hypergraph (introduced in 
[S]) is an edge coloring such that every j-element vertex set is contained 
in edges of at most s colors. It would be interesting to see whether or not 
Theorem 3 remains true for this type of colorings. Clearly, the answer is 
“monotone” in j; i.e., if the statement is not true then there is a coun- 
terexample for j = r - 1. (The (r - 1 )-local colorings were called local 
colorings in 111.) 
(2) Although x* can be much smaller than the chromatic number, at 
the moment we do not know any example in which Theorem 4 should be 
84 CAROANDTUZA 
applied in its full strength. Actually, we made use 
assumption that the degrees are bounded in G(9). 
of the much weaker 
(3) There are some “higher dimensional” variants of Theorem 4, in 
which the k-tuples (A i, i, . . . . Ai,k) are replaced by matrices whose entries are 
finite sets. We do not give the details here, however, because those exten- 
sions are relatively far from the main motivations of the present note. 
(4) There are several further types of structures defined with intersec- 
tion properties other than the P(i, j), see, e.g., [7, 81. Using x*(G(Y)), the 
known inequalities concerning those structures can be generalized in the 
same way as the results of [7] were extended to our Theorem 4. 
(6) The particular case of Theorem 3 for “global” s-colorings, i.e., 
when at most s colors are used, is easy. Indeed, x(X1 u X2) < x(Zi) x(X*) 
holds for any two hypergraphs. Thus, the union of s k-chromatic hyper- 
graphs has chromatic number at most k”. In proper colorings of complete 
r-uniform hypergraphs the vertex classes can contain at most Y - 1 vertices 
each, implying x( K;) = rn/(r - 1 )1 and n < (r - 1) k”. 
t 7) From Theorem 3 the following property is obtained for factoriza- 
tions and coverings of KI;. 
(5) It is immediately seen that Theorems 1 and 2 can be generalized 
for complete equipartite (hyper) graphs. If the r-uniform hypergraph has n 
vertex classes, each of cardinality m, then the sum of vertices of hyper- 
graphs in a k-chromatic covering is at least (mn log (n/(r - 1 )))/log k, and 
in the weighted case the factor of f(n) is replaced by f(mn), that is, 
Cf(I %%)I) 2 (f(mn) 1% wtr - 1 HDg k. 
COROLLARY 5. Suppose that the edge set of KL is covered with some sub- 
hypergraphs &, each of them being isomorphic to a given hypergraph A?, in 
such a way that every vertex is contained in at most m of the &. If X has 
a local k-coloring in which every color class forms a hypergraph of chromatic 
number at most t, then n 6 (r - 1) tmk. 
Although this corollary is sharp in infinitely many cases (even if the 
edges of KL are covered with just m copies of Z), it would be interesting 
to see how the upper bound on n can be decreased when some further 
assumptions are imposed, for instance, that Z contains relatively few 
edges, or X is fixed and m tends to infinity. 
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